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1
$x’(t)=f(x(t))$ $x=\phi(t),$ $\phi(t+\omega)=\phi(t),\omega>0$ ,
$x’(t)=f(x(t))+K(x(t-\omega)-x(t))$ , Feedback gain $K$
$x=\phi(t)$ 1992 Pyragas[5] .
Delayed Feedback $(DF$ $)$ ,
( [6, PP. 2309-2310] ). , Nakajima[3, 4]
Just[2] . , $DF$ ,
(Miyazaki[7]) .
$DF$ , , Feed-
back gain $K=kE$ ($E$ ) , $k$ .
$A(t)=Df(\phi(t))$ , $x=\phi(t)$
$x’(t)=A(t)x(t)$ , (1)
$T(t, s)$ . $A(t+\omega)=A(t)$ . $x=\phi(t)$
$y’(t)=A(t)y(t)+K(y(t-\omega)-y(t))$ (2)
. Delayed Feedback . $C([-\omega,0], \mathbb{C}^{n})$
$U(t, s),$ $(t\geq s)$ , $U(\omega, 0)$ 1 . $U(\omega,0)$
1 , 1 , Feedback gain $K$
. $T(\omega, 0)$ $U(\omega, 0)$ . $K$
, $T(\omega,0)$ 1 ,
$A(t)K=KA(t)$ $(\forall t\in \mathbb{R})$
. , .
2
$A$ $\lambda$ $W_{A}(\lambda)$ , GA $(\lambda)$ .
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21. $n$ $A,$ $B$ ,
$\sigma(A-B)=\{\alpha-\beta|\alpha\in\sigma(A),\beta\in\sigma(B), G_{A}(\alpha)\cap G_{B}(\beta)\neq\{0\}\}$ .
$\sigma(A)=\{\alpha_{1}, \cdots, \alpha_{r}\},$ $\sigma(B)=\{\beta_{1}, \cdots,\beta_{\epsilon}\}$
, , $E$
$E=P_{1}+\cdots+P_{r},$ $E=Q_{1}+\cdots+Q_{s}$
, $M,$ $N$ ,
$A= \sum_{i=1}^{r}\alpha:P_{i}+M,$ $B= \sum_{j=1}^{s}\beta_{j}Q_{j}+N$
. $P_{i}$ $A$ , $Q_{j}$ $B$ , $M$ $A$ , $N$ $B$ .





$E= \sum_{i=1}^{r}\sum_{j=1}^{*}R_{\dot{\tau}j},$ $R_{ij}R_{k\ell}=\delta_{ik}\delta_{j\ell}R_{dj}$ ,
$\delta_{ij}=1(i=j);\delta_{ij}=1(i\neq j)$ .
$x\in \mathbb{C}^{n}$
$R_{ij}x=P_{i}Q_{j}x\in G_{A}(\alpha_{i})$ , $Rijx=P_{i}Q_{j}x=Q_{j}P_{*}\cdot x\in G_{B}(\beta_{j})$








. $M,$ $N$ , $M$ $A,$ $B$ , $N$ $A,$ $B$ , $A-B$
. .
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22. $n$ $A,$ $B$ , $\alpha\in\sigma(A),$ $\beta\in\sigma(B)$
$G_{A}(\alpha)\cap G_{B}(\beta)\neq\{0\}\Leftrightarrow W_{A}(\alpha)\cap W_{B}(\beta)\neq\{0\}$
$G_{A}(\alpha)\cap G_{B}(\beta)\neq\{0\}\Rightarrow W_{A}(\alpha)\cap W_{B}(\beta)\neq\{0\}$ . $x\in G_{A}(\alpha)\cap G_{B}(\beta),$ $x\neq 0$
,
$(A-\alpha E)^{i-1}x\neq 0,$ $(A-\alpha E)^{i}x=0$ , $(B-\beta E)^{j-1}x\neq 0,$ $(B-\beta E)^{j}x=0$
$i,j\geq 1$ . $(A-\alpha E)^{i-1}x=y$ , $y\in W_{A}(\alpha),$ $y\neq 0$ , ,
$(B-\beta E)^{j}y=(A-\alpha E)^{i-1}(B-\beta E)^{j}x=0$ .
$(B-\beta E)^{k-1}y\neq 0$ , $(B-\beta E)^{k}y=0$
$k\geq 1$ . $z=(B-\beta E)^{k-1}y$ , $z\neq 0$ ,
$(B-\beta E)z=0$ , $(A-\alpha E)z=(B-\beta E)^{k-1}(A-\alpha E)y=0$ .
, $z\in W_{A}(\alpha)\cap W_{B}(\beta),$ $z\neq 0$ .
21 22 .
23. $n$ $A,$ $B$ ,
$\sigma(A-B)=\{\alpha-\beta|\alpha\in\sigma(A),\beta\in\sigma(B), W_{A}(\alpha)\cap W_{B}(\beta)\neq\{0\}\}$ .
3 Delayed Feedback
$T(\omega, 0)$ $\mu$ (1) , $\sigma(T(\omega,0))$ . $U(\omega, 0)$ (
) $\nu$ (2) , $P_{\sigma}(U(\omega,0))$ . $T(\omega,0)$
, $\mu\neq 0$ . $\nu\neq 0$ .





32. $y(t)$ $(t\in \mathbb{R})$ .
(i) $y(t+\omega)=\nu y(t)$ (2) .
(ii) $y(\omega)=\nu y(O)$ (3) .
(3) $V(t, s:\nu^{-1})$ , 31 32 , .
S.$. $\nu\in P_{\sigma}(U(\omega, 0))\Leftrightarrow\nu\in\sigma(V(\omega, 0;\nu^{-1}))$ .
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$V(t, s)$ , $A(t)$ $K$ $A(t)K=KA(t)(\forall t\in \mathbb{R})$ ,
.
3.4. $A(t)K=KA(t)(\forall t\in \mathbb{R})$ , $V(t, s:\nu^{-1})=e^{(t-\epsilon)(\nu^{-1}-1)K}T(t, s)$ .
$V(t, t:\nu^{-1})=E$ .
$\frac{\partial V(t,s:\nu^{-1})}{\partial t}=(\nu^{-1}-1)KV(t, s:\nu^{-1})+e^{(t-*)(\nu^{-1}-1)K}A(t)T(t, s)$ .
$A(t)K=KA(t)$ , $e^{(t-\epsilon)(\nu^{-1}-1)K}A(t)=A(t)e^{(t-s)(\nu^{-1}-1)K}$ , .
35. $A(t)K=KA(t)$ $(\forall t\in \mathbb{R})$
$\nu\in P_{\sigma}(U(\omega,0))\Leftrightarrow\nu\in\sigma(e^{\omega(\nu^{-1}-1)K}T(\omega,0))\Leftrightarrow 0\in\sigma(\nu e^{\omega(1-\nu^{-1})K}-T(\omega,0))$ .
8.0. $A(t)K=KA(t)(\forall t\in \mathbb{R})$ , $KT(t, s)=T(t, s)K$ . $e^{\omega(1-\nu^{-1})K}$ $T(\omega, 0)$
.
$\frac{\partial}{\ }KT(t, s)=KA(t)T(t, s)=A(t)KT(t, s)$ .
, $KT(t, s)$ (1) . $KT(s, s)=K$ , ,
$KT(t, s)=T(t, s)K$ .
$\kappa$ , $f_{k}(z)$ $g_{k}(z)$
$f_{n}(z)=z+\kappa(1-e^{-\omega z})$ , $z\in \mathbb{C}$ ,
$g_{\kappa}(z)=ze^{(1-z^{-1})\omega\kappa}$ , $z\in \mathbb{C}\backslash \{0\}$
.
37. $A(t)K=KA(t),t\in \mathbb{R}$ . $\nu\in P_{\sigma}(U(\omega, 0))$
$\kappa\in\sigma(K),$ $\mu\in\sigma(T(\omega, 0))$ :
$g_{\kappa}(\nu)=\mu$ , $W_{K}(\kappa)\cap W_{T(w,0)}(\mu)\neq\{0\}$ . (4)
35 $\nu\in P_{\sigma}(U(\omega, 0))$
$0\in\sigma(\nu e^{(1-\nu^{-1})\omega K}-T(\omega,0))$ (5)
. , ([8] P.105, )
$\sigma(\nu e^{(1-\nu^{-1})\omega K})=\{\nu e^{(1-\nu^{-1})\omega\kappa}|\kappa\in\sigma(K)\}$
. 21 , (5) $\kappa_{0}\in\sigma(K),$ $\mu\in\sigma(T(\omega, 0))$ :
$g_{no}(\nu)=\nu e^{(1-\nu^{-1})\omega\kappa 0}=\mu$, $G_{\nu e^{(1-\nu^{-1})wK}}(\nu e^{(1-\nu^{-\iota})\omega n0})\cap G_{T(\omega,0)}(\mu)\neq\{0\}$ (6)
$\kappa_{0}\in\sigma(K)$ $e^{(1-\nu^{-1})\omega\kappa}=e^{(1-\nu^{-1})\omega\kappa_{0}}$ $\kappa\in\sigma(K)$ $\{\kappa_{0}, \cdots, \kappa_{p}\}$ ,
,
$G_{\nu e^{(\iota-\nu^{-1}}})wK(\nu e^{(1-\nu^{-1})\omega\kappa_{O}})=$ $G_{K}(\kappa_{i})$ .
$i=0$
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$G_{\nu\epsilon(1-\nu^{-1})wK}( \nu e^{(1-\nu^{-1})\omega\kappa_{0}})\cap G_{T(\omega,0)}(\mu)\neq\{0\}\Leftrightarrow G_{T(\omega_{1}0)}(\mu)\cap\bigoplus_{i=0}^{p}G_{K}(\kappa_{i})\neq\{0\}$
$P_{i}$ : $\mathbb{C}^{n}arrow G_{K}(\kappa_{i})$ $K$ $E$ . $x\in G_{T(\omega,0)}(\mu)\cap\oplus_{i=1}^{p}G_{K}(\kappa_{i}),$ $x\neq 0$ .
$x= \sum_{1=0}^{p}P_{i}x,$ $P_{i}x\in G_{K}(\kappa_{i})$ . $T(\omega, 0)$ $K$ ,
$T(\omega, 0)P_{i}x=P_{i}T(\omega,0)x=P_{i}\mu x=\mu P_{i}x,$ $i=0,$ $\cdots,p$
. $P_{i}x\neq 0$ $i$ ,
$G_{T(\omega_{1}0)}(\mu)\cap G_{K}(\kappa_{i})\neq\{0\}$ (7)
$i$ . 22 , (7)
$W_{T(\omega,0)}(\mu)\cap W_{K}(\ )\neq\{0\}$
. (6) ,
$g_{\kappa_{i}}(\nu)=\mu$ , $W_{K}(\kappa_{i})\cap W_{T(\omega,0)}(\mu)\neq\{0\}$
, .
38. $K=kE$ ( ) $\nu\in P_{\sigma}(U(\omega, 0))\Leftrightarrow g_{k}(\nu)\in\sigma(T(\omega,0))$ .
, Delayed Feedback (2) ,
(1) . . , (1)
,
$\sigma_{U}=\{\mu\in\sigma(T(\omega,0))||\mu|>1\}$ ; $\sigma_{N}=\{\mu\in\sigma(T(\omega,0))||\mu|=1\}$ .
. $s\in(0,$ $\pi)$ $\alpha\in(0,2)$ ,
$\alpha=\frac{s(1+coes)}{\sin s}$ , $0<s<\pi$
.
$\frac{d\alpha}{ds}=\frac{(1+\infty ss)(\sin s-s)}{\sin^{2}s}<0$, $0<\epsilon<\pi$
,
$\lim_{\iotaarrow 0}\alpha=2$ , Jim $\alpha=0$





(i) $\mu>1$ $\mu\in\sigma_{U}$ , $\nu>1$ $\nu\in P_{\sigma}(U(\omega, 0))$ .
(ii) $\sigma_{U}\subset(-e^{2}, -1)$ , $\alpha 0=\max_{\mu\in\sigma_{U}}\log|\mu|$ . , $k$ ,
$\frac{\alpha_{0}}{2\omega}<k<\frac{\beta(\alpha_{0})}{2\omega}$ (8)
, $\nu\in P_{\sigma}(U(\omega, 0))$ $|\nu|<1$ $\nu=1$ .
78
, . .
310. (i) ${\rm Re}\lambda>0$ ${\rm Im}\lambda=2m\pi/\omega(m\in \mathbb{Z})$ . $\kappa\in \mathbb{R}$ $\rho\in$
$\{z|f_{\kappa}(z)=\lambda\}$ , ${\rm Re}\rho>0$ ${\rm Im}\rho={\rm Im}\lambda$ .
(ii)Re $\lambda=0$ ${\rm Im}\lambda=2m\pi/\omega(m\in \mathbb{Z})$ . $\kappa>0$ $\rho\in\{z|f_{\kappa}(z)=\lambda\}\backslash \{\lambda\}$
, ${\rm Re}\rho<0$ .
(iii) ${\rm Re}\lambda=0$ ${\rm Im}\lambda\neq 2m\pi/\omega(m\in \mathbb{Z})$ . $\kappa>0$ $\rho\in\{z|f_{\kappa}(z)=\lambda\}$ ,
${\rm Re}\rho<0$ .
(iv) ${\rm Re}\lambda\in(0,2/\omega)$ ${\rm Im}\lambda=(2m-1)\pi/\omega(m\in \mathbb{Z})$ . $\kappa_{0}=\beta(\omega{\rm Re}\lambda)/(2\omega)$ . ,
$\kappa\in((B\epsilon\lambda)/2, \kappa 0)$ $\rho\in\{z|f_{\kappa}(z)=\lambda\}$ , ${\rm Re}\rho<0$ .
$($v) ${\rm Re}\lambda<0$ . $\kappa>0$ $\rho\in\{z|f_{\kappa}(z)=\lambda\}$ , ${\rm Re}\rho<0$ .
3.9 (i) $\lambda=(\log\mu)/\omega$ , $f_{k}(z)=\lambda$ $z$ . $\mu>1$
$R\epsilon\lambda>0$ ${\rm Im}\lambda=0$ . , 310 (i) $f_{k}(z)=\lambda$ $z=\rho$




38 , $\nu\in P_{\sigma}(U(\omega,0))$ .
(ii) $\nu\in P_{\sigma}(U(\omega, 0))$ $|\nu|\geq 1$ $\nu\neq 1$ . $\mu=g_{k}(\nu)$ , 38
$\mu\in\sigma(T(\omega, 0))$ . $\nu=e^{\rho v},$ $\mu=e^{\lambda u\prime}$ , $g_{\kappa}(\nu)=\mu$ $\log$ ,
$\lambda=f_{k}(\rho)$ . ,
${\rm Re} \rho=\frac{\log|\nu|}{\omega}\geq 0$ $\rho\neq\frac{2m\pi}{\omega}i$ $(m\in \mathbb{Z})$ (9)
.
$|\mu|<1$ , , ${\rm Re}\lambda<0$ . $k>0$ , 310(v) ${\rm Re}\rho<0$
(9) .
$|\mu|=1$ . , $\mu=1$ . , ${\rm Re}\lambda=0$ ${\rm Im}\lambda=2n\pi/\omega(n\in \mathbb{Z})$ .
, $k>0$ , 310(ii) ${\rm Re}\rho<0$ $\rho=\lambda=2m\pi i/\omega$ (9)
. , $\mu\neq 1$ . , ${\rm Re}\lambda=0$ ${\rm Im}\lambda\neq 2m\pi/\omega(m\in \mathbb{Z})$ .
, $k>0$ , 310(iii) ${\rm Re}\rho<0$ (9) .
$|\mu|>1$ , $e^{2}<\mu<-1$ , , $0<{\rm Re}\lambda<2/\omega$ ${\rm Im}\lambda=(2m-1)\pi/\omega$
$(m\in \mathbb{Z})$ . $\alpha_{0}$
$2>\alpha 0\geq\log|\mu|=\omega{\rm Re}\lambda>0$. (10)
, $0<\alpha<2$
$\frac{d\beta(\alpha)}{d\alpha}=\frac{2(\sin s-s\cos s)ds}{\sin^{2}sd\alpha}<0$
, $\beta(\alpha)$ $\alpha$ . (10) , $\beta(\omega{\rm Re}\lambda)\geq\beta(\alpha_{0})$
. ,
$\frac{{\rm Re}\lambda}{2}\leq\frac{a_{0}}{2\omega}<k<\frac{\beta(\alpha_{0})}{2\omega}\leq\frac{\beta(\omega{\rm Re}\lambda)}{2\omega}$










, (2) $G_{U(\omega,0)}(1)=W_{U(\omega,0)}(1)$ ,
$\dim W_{U(\omega,0)}(1)=\dim W_{T(\omega,0)}(1)$.
1 (1) , $T(\omega, 0)=V(\omega, 0:1)$ 33 (2)
1 . $\dim W_{U(\omega,0)}(1)=\dim W_{T(\omega,0)}(1)$ . (2)
$G_{U(\omega,0)}(1)=W_{U(\omega,0)}(1)$ .
$\phi\in N((U(0)-I)^{2})$
, , $\phi\in N(U(0)-I)$ . $z_{t}=U(t,$ $0)\psi$ , 31 32 ,
$z(t)$ (2) $\omega$- . $z(t)$ (1) $\omega$- .
$z(t)=T(t, s)z(s)$ (13)
. $=U(t, 0)\phi$ ,
$z_{t}=U(t,0)\psi=U(t, 0)U(\omega, 0)\phi-U(t,0)\psi=U(t+\omega,0)\phi-U(t, 0)\phi=y_{t+\omega}-y_{1}$ .
$y(t+\omega)-y(t)=z(t)$ (14)
, $z(t-\omega)=z(t)$ , $y(t)-y(t-\omega)=z(t)$ .
$y’(t)$ $=$ $A(t)y(t)+K(y(t-\omega)-y(t))$
$=$ $A(t)y(t)-Kz(t)$
. 36 $T(t, s)K=KT(t, \epsilon)$ , (13)
$y(t)$ $=$ $T(t,0)y(0)+ \int_{0}^{t}T(t, s)K(-z(\epsilon))ds$
$=$ $T(t,0)y(0)-K \int_{0}^{t}T(t, s)z(s)ds$
$=$ $T(t, 0)y(0)-K \int_{0}^{t}z(t)ds$
$=$ $T(t,0)y(0)-tKz(t)$ . (15)
. $T(t+\omega,0)=T(t, 0)T(\omega,0)$
$y(t+\omega)=T(t,0)T(\omega, 0)y(0)-K(t+\omega)z(t)$ . (16)
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(15) (16) ,
$y(t+\omega)-y(t)=T(t, 0)(T(\omega, 0)-\nu E)y(0)-\omega Kz(t)$ .
(14) , $z(t)$ ,
$z(t)=T(t, 0)(T(\omega,0)-E)y(0)-K\omega z(t)$ .
$(\omega K+E)z(t)=T(t, 0)(T(0)-E)y(O)$
. $z(t)$ $\omega$- $\omega$- . (1)
$\omega$- . . $(T(\omega, 0)-E)y(O)\in N(T(\omega, 0)-E)$ $(T(\omega, 0)-E)^{2}y(O)=0$
. $(T(\omega, 0)-E)y(0)=0$ . $(\omega K+E)z(t)=0$ . $z(t)=T(t, 0)\psi(0)$
$0=(\omega K+E)z(t)=(\omega K+E)T(t, 0)\psi(0)=T(t,0)(\omega K+E)\psi(O)$ .
$(\omega K+E)\psi(O)=0$ , , $(K+(1/\omega)E)\psi(O)=0$. , $U(\omega, 0)\psi=\psi$
$T(\omega,$ $0)\psi(0)=\psi(0)$ . , $\psi(0)\in W\tau(\omega,0)(1)\cap W_{K}(-1/\omega)$ . , $\psi(0)=0$
$z(t)=0$ . $\psi=z_{0}^{*}=0$ $(U(\omega,$ $0)-I)\phi=0$ .
$N((U(\omega, 0)-I)^{2})=N(U(\omega, 0)-I)$ .
(1) 1 , $G_{T(\omega,0)}(1)=W_{T(\omega,0)}(1),$ $\dim W\tau(\omega,0)(1)=1$ (1)
. , (2) .
41 .





, $k$ $k=0$ . $\omega$
$(x^{*}(t),y^{*}(t), z^{*}(t))$ . , (17) .
(17) , (1) (2)
. ,
$A(t):=(\begin{array}{lll}0 -1 -l1 0.2 0z^{*}(t) 0 x^{*}(t)-5.7\end{array})$ , $K=kE$.
, $A(t)K=KA(t),t\in \mathbb{R}$ .
(1) . , (1) 1
2 , $\mu_{1},$ $\mu_{2}(|\mu_{1}|\leq|\mu_{2}|)$ , $DF$
.
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51. (17) $($X’ $(t),$ $y\sim t),$ $z\sim t))$ , :
(i) $\mu_{2}>1$ , $k\neq-1/\omega$ .
(ii) $-e^{2}<\mu_{2}<-1$ , $\alpha_{0}/(2\omega)<k<\beta(\alpha_{0})/(2\omega),$ $\alpha 0=\log|\mu_{2}|$ .
52. (17) $(x\sim t),$ $y\sim t),$ $z\sim t))$ :
1 ; 1
1 .
51 (i) 39(i) (2) 1 . , $k\neq-1/\omega$
42 (2) . , $(x\sim t),$ $y\sim t),$ $z\sim t))$ (17)
.
2 $)$ , ,
$\mu_{1}\mu_{2}=\exp(\int_{0}^{\omega}trA(s)ds)>0$
$|\mu_{2}|\geq|\mu_{1}|$ , $-e^{2}<\mu_{2}\leq\mu_{1}<0$ . , $\mu_{1}>-1$
$\sigma_{N}=\{1\},$ $\sigma u=\{\mu_{2}\},$ $\mu_{1}=-1$ $\sigma_{N}=\{1, -1\},$ $\sigma u=\{\mu_{2}\},$ $\mu_{1}<-1$
$\sigma_{N}=\{1\},$ $\sigma_{U}=\{\mu_{1}, \mu_{2}\}$ . , 39 (ii) . ,
$\max_{\mu\in\sigma_{U}}\log|\mu|=\log|\mu_{2}|$ , (8) . , (2)
1 1 . , $k\neq-1/\omega$ 42 (2) .
, $(x\sim t),$ $y\sim t),$ $z\sim t))$ (17) .
, Pyragas[5] (17) Feedbadc gain K,
$K=(\begin{array}{lll}0 0 00 k 00 0 0\end{array})$ (18)
, Ddeay Feedback $(\omega=5.8$ , 11.75$)$ . , Pyragas
$\omega=5.88109$ , 117584 .
, 4 , $\omega$ 6




1 $)$ , $DF$ $\omega$
, (17) $(x(t),y(t), z(t))$ .
2 $)$ 1) , $t$
to .
3 $)$ $A(t)$ $x^{*}(t),$ $z^{*}(t)$ $x(t),$ $z(t)$ , $X(to)=E$ (1)
$X(t)$ $t=t_{0}+\omega$ . .
4 $)$ $X(t_{0}+\omega)$ . (1) .
(I) $\omega=5.88109$ . $-2.40399,0.999986,$ $-8.40037$ xl$0^{-7}$ .
0.999986 1 .
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5.1 . $\mu_{2}=-2.40399$ . ,
$k$ :
$0.074572<k<0.658948$ . (19)
5.1. $\omega=5.88109$ (17) .
52. $\omega=5.88109$ (17) .
51 (19) $k$ . , 52
$20\alpha v\leq t\leq 300\omega$ $x(t)$ $k$ . ,
(19) $k$ .
83
(II) $\omega=11.7584$ . $-3.51137,0.998547,$ $-1.28262\cross 10^{-7}$ .
0.998547 1 .
51 . $\mu_{2}=-3.51137$ . ,
$k$ :
$0.053409<k<0$ .193772. (20)
53. $\omega=11.7584$ (17) .
54. $\omega=11.7584$ (17) .
53 (20) $k$ . , 54
$200\omega\leq t\leq 30\omega$ $x(t)$ $k$ . ,
(20) $k$ .
84
(I), (II) , $k$
. Pyragas Feedback gain (18)
$K=kE$ ( 55).
5.5. Pyragas $DF$ $K=kE$ $DF$ .
, 2 .
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